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tmf Is Not a Ring Spectrum Quotient of String Bordism
Carl McTague
ABSTRACT. This paper shows that tmf
[
1
6
]
is not a ring spectrumquotient ofMO〈8〉
[
1
6
]
. In fact,
for any prime p > 3 and any sequenceX of homogeneous elements of pi∗MO〈8〉, the pi∗MO〈8〉-
module
pi∗
(
MO〈8〉(p)/X
)
is not (even abstractly) isomorphic to pi∗tmf(p).
It does so by showing that, for any commutative ring spectrum R and any sequence X
of homogeneous elements of pi∗(R), there is an isomorphism of graded Q-vector spaces
pi∗(R/X)⊗Q ∼= H∗(Tot(K(X)))⊗Q,
where the right-hand side is the rational homology of the (total) Koszul complex of X, which
is strictly bigger than pi∗(R)/(X)⊗ Q unless X is a pi∗(R)⊗ Q-quasi-regular sequence. The
result then follows from the fact that the kernel of the p-localWitten genus cannot be generated
by a pi∗MO〈8〉 ⊗Q-quasi-regular sequence.
1. Introduction
Given a commutative ring spectrum R, an R-module M, and a sequence X = x1, x2, . . .
of homogeneous elements of pi∗(R), one can construct the quotient R-module M/XM, by
iteratively forming cofibers
M
/
(x1, . . . , xn+1)M = cofiber
[
Σdeg xn+1M
/
(x1, . . . , xn)M
xn+1
−−→ M
/
(x1, . . . , xn)M
]
(1)
and, if the sequence is infinite, passing to their telescope
M
/
(x1, x2, x3, . . . )M = hocolimn
[
M
/
(x1, . . . , xn)M
]
.
When M = R, the resulting R-module, denoted R/X, often comes equipped with a
homotopy commutative R-algebra structure. For example, if R is a commutative S-algebra
with pii(R) = 0 for i odd, and if X is a sequence of non zerodivisors such that pi∗(R/X) is
concentrated in degrees congruent to 0 modulo 4, then R/X, regarded as an object in the
homotopy category of R-modules, admits a unique (up to canonical isomorphism) ring object
structure, and it is commutative and associative [7, Thm. V.3.2]. To emphasize: although
R is required to have a commutative ring spectrum structure, the quotient R/X is only
guaranteed to admit a homotopy commutative one.
If X is regular in the sense that each element xn+1 ofX is not a zerodivisor forpi∗(R)
/
(x1, . . . , xn),
then the long exact homotopy sequence for each cofiber breaks into short exact sequences,
and
pi∗(R/X) ∼= pi∗(R)
/
(X),
where (X) is the ideal generated by the elements of X.
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This, together with a theory of localization, makes possible a one-page construction
(from MU as a commutative ring spectrum, and for p > 2)1 of a rogue’s gallery of spectra
(listed with coefficient ring),
BP Z(p)[v1, v2, . . . ] BP〈n〉 Z(p)[v1, . . . , vn ]
E(n) Z(p)[v1, . . . , vn, v
−1
n ] P(n) Fp[vn, vn+1, . . . ]
B(n) Fp[v−1n , vn, vn+1, . . . ] k(n) Fp[vn]
K(n) Fp[vn, v−1n ],
all equipped with unique (up to canonical isomorphism) homotopy commutative MU-
algebra structures [7, §V.4]. (Previously these spectra had been constructed using Baas-
Sullivan theory or the Landweber exact functor theorem, and laboriously shown to admit
ring spectrum structures [22, 2, 17, 19, 18].)
It also makes possible a one-line construction of Landweber-Ravenel-Stong elliptic co-
homology [14] (fromMSpin as a commutative ring spectrum),
ell
[
1
2
]
= MSpin
[
1
2
]
/
(
kernel of the Ochanine elliptic genus
)
,
similarly equipped with a unique (up to canonical isomorphism) homotopy commutative
MSpin-algebra structure. (In fact, since the kernel of the Ochanine elliptic genus is the ideal
consisting of HP2-bundles, one may write
ell
[
1
2
]
= MSpin
[
1
2
]
/
(
HP2-bundles
)
[13]; cf. also the Conner-Floyd isomorphism for ell [12, 10].)
By contrast, this paper shows that it is impossible to construct the spectrum tmf of
topological modular forms [8, 6] in an analogous way from the string bordism ring spec-
trum MO〈8〉. (Even though
pi∗tmf
[
1
6
]
∼= pi∗(MO〈8〉)
[
1
6
]
/
(
kernel of the Witten genus
)
= pi∗(MO〈8〉)
[
1
6
]
/
(
CaP2-bundles
)
[16].)
THEOREM 1. For any prime p > 3 and any sequence X of homogeneous elements of pi∗MO〈8〉,
the pi∗MO〈8〉-module
pi∗
(
MO〈8〉(p)/X
)
is not (even abstractly) isomorphic to pi∗tmf(p).
As we shall see, the reason is twofold:
(I) For any (homotopy) commutative ring spectrum R and any sequence X of homoge-
neous elements of pi∗(R), there is an isomorphism of graded Q-vector spaces
pi∗(R/X)⊗Q ∼= H∗(Tot(K(X)))⊗Q,
where the right-hand side is the rational homology of the (total) Koszul complex of X
(Theorem 3), which is strictly bigger than pi∗(R)/(X) ⊗ Q unless X is a pi∗(R)⊗ Q-
quasi-regular sequence (Theorem 4).
1When p = 2, pi∗(BP) is not concentrated in degrees congruent to 0 modulo 4. Nevertheless, BP satisfies weaker
conditions [21, Thm. 2.7] ensuring that it admits a homotopy commutative MU(2)-algebra structure [21, Prop. 2.9]; the
same is true of BP〈n〉 and E(n), provided the generators vi are chosen carefully [21, Prop. 2.10].
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(II) The kernel of the p-local Witten genus
pi∗MO〈8〉(p) → pi∗tmf(p)
cannot be generated by a pi∗MO〈8〉 ⊗Q-quasi-regular sequence (Proposition 7).
COROLLARY 2. There do not existMO〈8〉-module (let aloneMO〈8〉-algebra) isomorphisms
MO〈8〉(p)/X → tmf(p) MO〈8〉
[
1
6
]
/X → tmf
[
1
6
]
.
(If such isomorphisms existed, their underlyingpi∗MO〈8〉-module isomorphismswould
contradict Theorem 1.)
This helps to better appreciate the elaborate known constructions of tmf and its orien-
tations, cf. [1, 9, 15, 6]. It also raises the question of whether there is a general modification
of, or alternative to, the ring spectrum quotient construction, one better suited to non quasi-
regular sequences, which produces tmf fromMO〈8〉 in a simple way.
2. The Koszul Complex K(X)
Let A be a graded and commutative ring, E an A-module, and f : E → A a map
of graded A-modules. Recall that the Koszul complex K( f ) of f is the exterior algebra
∧
E
equipped with differential
dk(e1 ∧ · · · ∧ ek) =
k
∑
i=1
(−1)i+1 f (ei) e1 ∧ · · · ∧ eˆi ∧ · · · ∧ ek,
where eˆi means that the wedge summand ei is omitted.
∧
E is bigraded,
deg(e1 ∧ · · · ∧ ek) =
(
k, deg(e1) + · · ·+ deg(ek)
)
,
and the differential dk decreases the first component by 1 and preserves the second, so K( f )
may be thought of as a graded complex of A-modules
· · · → ∧2E
d2−→ ∧1E
d1−→ A→ 0.
A (possibly infinite) sequence X = x1, x2, . . . of homogeneous elements of A defines a map
of graded A-modules
f :
⊕
i
A(−deg xi) → A
f
(⊕
i ai
)
= ∑i xiai.
Write K(X) for the Koszul complex of this map. (Here and below, N(m) denotes the shift of
a graded module N defined by N(m)k = Nk+m.)
K( f ) is functorial:Amap φ : E′ → E of graded A-modules extends to a map of bigraded
A-algebras ∧φ : ∧E′ → ∧E, which defines a map of graded complexes K( f ◦ φ)→ K( f ).
Also, K( f ) is exponential: The sum of graded A-linear maps f : E → A and f ′ : E′ → A
is a graded A-linear map f ⊕ f ′ : E⊕ E′ → A, and the isomorphism of graded A-modules∧
(E⊕ E′) ∼=
∧
E⊗
∧
E′ extends to an isomorphism of graded complexes
K( f ⊕ f ′) ∼= K( f )⊗K( f ′).
In particular, if E′ = A(m), then the isomorphism of graded A-modules∧k (E⊕ A(m)) ∼= ∧k E⊕∧k−1 E(m),
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induces, for any finite sequence x1, . . . , xn+1 of homogeneous elements of A, a short exact
sequence of graded complexes
0→ K(x1, . . . , xn)→ K(x1, . . . , xn+1) → K(x1, . . . , xn)(−deg xn+1)[−1] → 0
whose connecting homomorphism is induced by multiplication by xn+1. (Here and below,
C[m] denotes the shift of a complex (C, dC) defined by C[m]i = Ci+m and dC[1] = (−1)
mdC.)
Thus K(x1, . . . , xn+1) is isomorphic to the mapping cone
K(x1, . . . , xn+1) ∼= cone
[
K(x1, . . . , xn)(−deg xn+1)
xn+1
−−→ K(x1, . . . , xn)
]
(2)
(compare [20, Tag 0628] or [5, Cor. 1.6.13]). Observe how similar (2) is to (1).
3. pi∗(R
/
X) is Rationally Isomorphic to H∗(Tot(K(X)))
THEOREM 3. For any (homotopy) commutative ring spectrum R and any sequence X of ho-
mogeneous elements of pi∗(R), there is an isomorphism of graded Q-vector spaces
pi∗(R/X)⊗Q ∼= H∗(Tot(K(X)))⊗Q
making the diagram
pi∗(R)⊗Q H0(K(X))⊗Q
pi∗(R/X)⊗Q H∗(Tot(K(X)))⊗Q
∼=
commute.
REMARK. The right-hand side is the rational homology of the total Koszul complex, so
the isomorphism determines, for each integer n, an isomorphism of Q-vector spaces
pin(R/X)⊗Q ∼=
⊕
i+j=n
Hi(K(X))j ⊗Q,
where (−)j denotes the degree-j component of the graded module (−).
REMARK. Theorem 3 does not hold integrally. In general, there is a spectral sequence
H∗(K(X)) =⇒ pi∗(R/X)
[18, p. 185]. (According to Theorem 3, this spectral sequence collapses tensor Q.)
PROOF OF THEOREM 3. Let X = x1, x2, . . . be an infinite sequence. First we use induc-
tion to argue that the result holds for each finite subsequence
Xn = x1, . . . , xn (n ≥ 0).
(Base case) The result holds integrally for the empty sequence X0. Indeed, by definition
R/X0 = R and K(X0) = (
∧
pi∗(R), d) = pi∗(R)[0], so for any integer i,
pii(R/X0) = pii(R) = H0(K(X0))i = H0(pi∗(R)[0])i = Hi(Tot(pi∗(R)[0])) = Hi(Tot(K(X0))).
(Inductive step) Suppose that the conclusion holds for some subsequence Xn (n ≥ 0).
We argue that it then also holds for the subsequence Xn+1. Let m = deg(xn+1).
According to (2), there is a distinguished triangle of graded complexes
K(Xn)(−m) K(Xn) K(Xn+1) K(Xn)(−m)[−1]
xn+1
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and hence a distinguished triangle of total complexes
Tot(K(Xn))[−m] Tot(K(Xn)) Tot(K(Xn+1)) Tot(K(Xn))[−1−m].
xn+1
Its long exact homology sequence looks like
· · · Hi−m(Tot(K(Xn))) Hi(Tot(K(Xn))) Hi(Tot(K(Xn+1))) Hi−1−m(Tot(K(Xn))) · · · ,
which looks just like the long exact homotopy sequence
· · · pii−m(R/Xn) pii(R/Xn) pii(R/Xn+1) pii−1−m(R/Xn) · · ·
for the cofiber sequence (1) above,
ΣmR/Xn R/Xn R/Xn+1 Σ1+mR/Xn .
xn+1
Specifically, by inductive hypothesis there are isomorphisms (solid arrows) fitting into
the commutative diagram
· · · Hi−m(Tot(K(Xn)))⊗Q Hi(Tot(K(Xn))⊗Q Hi(Tot(K(Xn+1)))⊗Q Hi−1−m(Tot(K(Xn)))⊗Q · · ·
· · · pii−m(R/Xn)⊗Q pii(R/Xn)⊗Q pii(R/Xn+1)⊗Q pii−1−m(R/Xn)⊗Q · · · .
∼= ∼= ∼= ∼=
Since exact sequences of vector spaces split, there are isomorphisms (dashed arrows) mak-
ing the diagram commute.
To see that these dashed isomorphisms fit together to make the diagram in the state-
ment of the theorem commute, sum the middle squares over i, and use the inductive hy-
pothesis and the fact that K(Xn) → K(Xn+1) is a map of graded complexes to form the
commutative diagram
H0(K(Xn))⊗Q H0(K(Xn+1))⊗Q
pi∗(R)⊗Q H∗(Tot(K(Xn)))⊗Q H∗(Tot(K(Xn+1)))⊗Q
pi∗(R/Xn)⊗Q pi∗(R/Xn+1)⊗Q.
∼= ∼=
By induction, then, the result holds for each finite subsequence Xn(n ≥ 0).
(Infinite case) The infinite case follows since
pi∗(R/X)⊗Q
(1)
∼= pi∗
(
hocolimn(R/Xn)
)
⊗Q
(2)
∼= colimn
(
pi∗(R/Xn)⊗Q
)
(3)
∼= colimn
(
H∗(Tot(K(Xn)))⊗Q
)
(4)
∼= H∗
(
colimn(Tot(K(Xn)))⊗Q
)
(5)
∼= H∗
(
Tot(K(X))⊗Q
)
.
These isomorphisms hold by
(1) definition of R/X,
(2) properties of hocolim and cocontinuity of−⊗Q (as it is left adjoint toHom(Q,−)),
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(3) the finite case proved above,
(4) exactness of filtered colimits in the category of A-modules, and
(5) cocontinuity of
∧
(−) (as it is left adjoint to the degree-1 functor (−)1). 
4. pi∗(R)→ pi∗(R
/
X) is surjective only if X is a quasi-regular sequence
Theorem 1 could be proved using regular sequences, but it is easier to prove using
quasi-regular sequences. Let us recall how regular and quasi-regular sequences are related
to the homology of the Koszul complex.
Consider a commutative (but not necessarily graded) ring A, an A-module N, and an
ideal X of A. The X-adic topology on N is the topology compatible with the group structure
of N, for which the submodules XrN (r ≥ 0) form a fundamental system of neighborhoods
of zero. This topology is separated if and only if⋂
r≥0
X
r = 0.
Suppose now that X is generated by a (possibly infinite) sequence X = x1, x2, . . . of el-
ements of A. Consider the graded A-module
⊕
r≥0X
rN and the map of graded A-modules
aXN : A[X1,X2, . . . ]⊗A N →
⊕
r≥0
X
rN
defined by
aXN(P⊗ n) = P(x1, x2, . . . )n
for n in N and P a homogeneous polynomial in indeterminants X1,X2, . . . (not to be con-
fused with the sequence X and its elements x1, x2, . . . ). Let d be the ideal of A[X1,X2, . . . ]
generated by the elements (xiXj − xjXi) for 1 ≤ i < j. Then P(x1, x2, . . . ) = 0 if P ∈ d, so
aXN determines a map of graded A-modules
αXN : (A[X1,X2, . . . ]/d)⊗A N →
⊕
r≥0
X
rN.
By tensor product with A/X one obtains a map of graded A-modules
βXN : (A/X)[X1,X2, . . . ]⊗A N →
⊕
r≥0
(XrN/Xr+1N).
The maps aXN , α
X
N , and β
X
N are surjective.
THEOREM 4 ([4, §9, no 7, Thm. 1]). Consider the following conditions:
(i) X is N-regular.
(ii) Hi(K(X)⊗ N) = 0 for all i > 0.
(iii) H1(K(X)⊗ N) = 0.
(iv) αXN is bijective.
(v) βXN is bijective.
We then have implications (i) =⇒ (ii) =⇒ (iii) ⇐⇒ (iv) =⇒ (v).
If, for 1 ≤ i ≤ n, the A-module N/(x1N + · · ·+ xnN) is separated in the X-adic topology,
then conditions (i) and (v) are equivalent.
(The proof of Theorem 4 given in [4] is for a finite sequence X but applies, mutatis
mutandis, to an infinite sequence.)
DEFINITION. The sequence X is called N-quasi-regular if it satisfies condition (v) of
Theorem 4. An A-quasi-regular sequence is simply called quasi-regular.
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In short, every N-regular sequence X satisfies H1(K(X)⊗ N) = 0, and every sequence
X satisfying H1(K(X)⊗ N) = 0 is N-quasi-regular.
Theorems 3 and 4 together yield:
COROLLARY 5. For any (homotopy) commutative ring spectrum R and any sequence X of
homogeneous elements of pi∗(R), the homomorphism
pi∗(R) → pi∗(R/X)
is surjective only if X is pi∗(R)⊗Q-quasi-regular.
PROOF. If pi∗(R) → pi∗(R/X) is surjective, then pi∗(R) ⊗ Q → pi∗(R/X) ⊗ Q is too.
By Theorem 3, then, H1(K(X))⊗ Q = 0. And by Theorem 4, X must be pi∗(R)⊗ Q-quasi-
regular. 
Note that, since MO〈8〉 is connective, Theorem 1 could be proved using regular (rather
than quasi-regular) sequences, by the following result.
COROLLARY 6 (of Theorem 4, [4, §9, no 7, Cor. 2]). Suppose A is a positively graded ring,
N is a graded, bounded-below A-module, and X is a sequence of homogeneous elements of A of
degree > 0. Then conditions (i) and (v) of Theorem 4 are equivalent.
(The hypotheses ensure that the X-adic topology on each of the A-modules M/(x1M +
· · ·+ xnM) is separated.)
5. The kernel of the p-local Witten genus cannot be generated by a quasi-regular
sequence
PROPOSITION 7. For p > 3, the kernel of the p-local Witten genus
φW ⊗ Z(p) : pi∗MO〈8〉(p) → pi∗tmf(p)
cannot be generated by a pi∗MO〈8〉 ⊗Q-quasi-regular sequence. (In particular, it cannot be gener-
ated by a quasi-regular sequence.)
PROOF. Denote the kernel K, and suppose it was generated by a pi∗MO〈8〉 ⊗Q-quasi-
regular sequence X = x1, x2, . . . .
Rationally, the Witten genus is a surjective homomorphism of polynomial rings whose
generators may be chosen so that
pi∗(MO〈8〉)⊗Q ∼= Q[y2, y3, y4, . . . ]
pi∗(tmf)⊗Q ∼= Q[G2,G3]
ker φW ⊗Q = (y4, y5, y6, . . . )
where deg(yi) = deg(Gi) = 4i (see [11], [3, Prop. 4.4], and [9, Thm. 6.25]). It follows that
(K1/K2)n ⊗Q ∼=
{
Q if n = 4i ≥ 16
0 otherwise.
Since X is a pi∗MO〈8〉 ⊗Q-quasi-regular sequence generating K⊗Q, the map(
pi∗MO〈8〉/K
)
[X1,X2, . . . ]⊗Q︸ ︷︷ ︸
Q[G2,G3 ][X1,X2,... ]
→
⊕
r≥0
(
K
r/Kr+1
)
⊗Q
induced by the substitution Xi 7→ xi ∈ K1/K2 is by definition bijective. It follows that X has
precisely one element of degree 4i, for each i ≥ 4, and no other elements.
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Let A be the augmentation ideal of pi∗MO〈8〉(p). Applying the snake lemma to the
commutative diagram of pi∗MO〈8〉(p)-modules
0 K2 A2 A2/K2 0
0 K1 A1 A1/K1 0
(in which the rows are exact) produces an exact sequence
K1/K2 A1/A2 A1/(K1 +A2) 0.
Since
pi∗MO〈8〉(p)/K
∼= Z(p)[G2,G3]
(again by [3, Prop. 4.4] and [9, Thm. 6.25], see also [16]), it follows that
A
1/(K1 +A2) ∼= Z(p){G2,G3}
and therefore that K1/K2 → A1/A2 is surjective in degrees> 12.
According to Hovey’s calculations [11] (see also [16, Thm. 4])
(A1/A2)n ∼=


Z(p) ⊕ Z/p if n = 2(p
i + pj) for some 0 < i < j
Z(p) if n = 4m ≥ 8 but n 6= 2(p
i + pj) for any 0 < i < j
0 otherwise.
Since no single element can generate Z(p) ⊕ Z/p as a Z(p)-module, it follows that the map(
pi∗MO〈8〉(p)/K︸ ︷︷ ︸
Z(p)[G2,G3]
)
[X1,X2, . . . ] →
⊕
r≥0
(
K
r/Kr+1
)
induced by the substitution Xi → xi ∈ K1/K2 cannot be surjective, contradicting the as-
sumption that X generates K. 
Acknowledgments
Thanks to Jack Morava, John Greenlees, Nitu Kitchloo, Burt Totaro, Doug Ravenel,
John Lind, and Doug Haessig for helpful conversations.
References
[1] M. Ando, M. J. Hopkins, and N. P. Strickland. Elliptic spectra, the Witten genus and the theorem of the cube.
Invent. Math., 146(3):595–687, 2001.
[2] N. A. Baas. On bordism theory of manifolds with singularities.Math. Scand., 33:279–302 (1974), 1973.
[3] T. Bauer. Computation of the homotopy of the spectrum tmf. In Groups, homotopy and configuration spaces, vol-
ume 13 of Geom. Topol. Monogr., pages 11–40. Geom. Topol. Publ., Coventry, 2008.
[4] N. Bourbaki. Éléments de mathématique. Masson, Paris, 1980. Algèbre. Chapitre 10. Algèbre homologique. [Alge-
bra. Chapter 10. Homological algebra].
[5] W. Bruns and J. Herzog. Cohen-Macaulay rings, volume 39 of Cambridge Studies in Advanced Mathematics. Cam-
bridge University Press, Cambridge, 1993.
[6] C. L. Douglas, J. Francis, A. G. Henriques, and M. A. Hill, editors. Topological modular forms, volume 201 of
Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 2014.
[7] A. D. Elmendorf, I. Kriz, M. A. Mandell, and J. P. May. Rings, modules, and algebras in stable homotopy theory,
volume 47 of Mathematical Surveys and Monographs. American Mathematical Society, Providence, RI, 1997. With
an appendix by M. Cole.
[8] M. J. Hopkins. Topological modular forms, the Witten genus, and the theorem of the cube. In Proceedings of the
International Congress of Mathematicians, Vol. 1, 2 (Zürich, 1994), pages 554–565, Basel, 1995. Birkhäuser.
[9] M. J. Hopkins. Algebraic topology and modular forms. In Proceedings of the International Congress of Mathemati-
cians, Vol. I (Beijing, 2002), pages 291–317, Beijing, 2002. Higher Ed. Press.
[10] M. J. Hopkins and M. A. Hovey. Spin cobordism determines real K-theory.Math. Z., 210(2):181–196, 1992.
TMF IS NOT A RING SPECTRUM QUOTIENT OF STRING BORDISM 9
[11] M. Hovey. The homotopy of M String and MU〈6〉 at large primes. Algebr. Geom. Topol., 8(4):2401–2414, 2008.
[12] M. A. Hovey. Spin bordism and elliptic homology.Math. Z., 219(2):163–170, 1995.
[13] M. Kreck and S. Stolz. HP2-bundles and elliptic homology. Acta Math., 171(2):231–261, 1993.
[14] P. S. Landweber, D. C. Ravenel, and R. E. Stong. Periodic cohomology theories defined by elliptic curves. In The
Cˇech centennial (Boston, MA, 1993), volume 181 of Contemp. Math., pages 317–337. Amer. Math. Soc., Providence,
RI, 1995.
[15] J. Lurie. A survey of elliptic cohomology. In Algebraic topology, volume 4 of Abel Symp., pages 219–277. Springer,
Berlin, 2009.
[16] C. McTague. The Cayley plane and string bordism. Geom. Topol., 18(4):2045–2078, 2014.
[17] O. K. Mironov. Existence of multiplicative structures in the theory of cobordism with singularities. Izv. Akad.
Nauk SSR Ser. Mat., 39(5):1065–1092, 1219, 1975.
[18] J. Morava. A product for the odd-primary bordism of manifolds with singularities. Topology, 18(3):177–186, 1979.
[19] N. Shimada andN. Yagita. Multiplications in the complex bordism theorywith singularities.Publ. Res. Inst. Math.
Sci., 12(1):259–293, 1976/77.
[20] T. Stacks Project Authors. Stacks Project. http://stacks.math.columbia.edu, 2017.
[21] N. P. Strickland. Products on MU-modules. Trans. Amer. Math. Soc., 351(7):2569–2606, 1999.
[22] D. Sullivan. Combinatorial invariants of analytic spaces. In Proceedings of Liverpool Singularities—Symposium, I
(1969/70), pages 165–168, Berlin, 1971. Springer.
E-mail address: mctague@math.jhu.edu
URL: http://www.mctague.org/carl
MATHEMATICS DEPARTMENT, UNIVERSITY OF ROCHESTER, ROCHESTER, NY 14627, USA
MATHEMATICS DEPARTMENT, JOHNS HOPKINS UNIVERSITY, BALTIMORE, MD 21218, USA
